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Abstract 
A key goal of gerontology is to discover the factors that influence the rate of senescence, 
which in this context refers to the age-dependent acceleration of mortality, inversely 
related to the morality rate doubling time. In contrast factors that influence only initial 
mortality rate are thought to be less relevant to the fundamental processes of aging. To 
resolve these two determinants of mortality rate and lifespan, initial morality rate and rate 
of senescence are calculated using  the Gompertz equation. Despite theoretical and 
empirical evidence that the Gompertz parameters are most consistently and reliably 
estimated by maximum likelihood techniques, and somewhat less so by nonlinear 
regression, many researchers continue to use linear regression on the log-transformed 
hazard rate. The present study compares these three methods in the analysis of several 
published studies.  Estimates of the mortality rate parameters were then used to compare 
the theoretical values to the actual values of the following parameters:  maximal lifespan, 
50% survival times, variance in control groups, and agreement with the distribution of 
deaths.  These comparisons indicate that maximum likelihood and non-linear regression 
estimates provide better estimates of mortality rate parameters than log-linear regression. 
Of particular interest, the improved estimates indicate that most genetic manipulations in 
mice that increase lifespan do so by decreasing initial mortality rate, not rate of 
senescence, whereas most genetic manipulations that decrease lifespan surprisingly do so 
by increasing the rate of senescence, not initial mortality rate. 
 
 
Introduction 
 Although many manipulations (such as decreasing environmental toxicity) can 
increase average or median lifespan, the rate of senescence, as measured by the age-
associated exponential increase in mortality rate, is generally thought to be approximately 
invariant across groups within a species and is thus thought to reflect fundamental 
processes driving the aging process itself.   For example, mortality rate in US men is at 
least 50% higher than in women at all ages, yielding a life expectancy lower by five 
years. However, since this mortality rate difference is present at all ages, it would be 
incorrect to conclude that men senesce more quickly than women (Arking 2006). In fact, 
male and female mortality rates converge with age, demonstrating that males exhibit 
increased initial mortality rate but reduced age-dependent acceleration of morality rate, 
compared to females, which partly accounts for the relatively small effect of the 
consistently elevated rate of senescence in men. To calculate the rate of senescence, it is 
useful to fit a family of model life tables with one parameter that can reasonably be 
identified with senescence rate, while other parameters may be identified with extrinsic 
hazards or general physiologic robustness that determine initial mortality rate.    
 The Gompertz equation has been used to model mortality rate since its 
introduction in 1825 (Olshansky & Carnes 1997).  This equation relates the arithmetic 
progression of time to the geometric increase of mortality rate and is written 
mathematically as (Pletcher 1999): 
   
 h(t) = AeGt   
 



In the above equation, A is the initial mortality rate and G quantifies the age-dependent 
acceleration of mortality rate and is sometimes derived by log-transformation, in which 
case G is referred to as the “Gompertz slope”.  G is inversely related to the mortality rate 
doubling time (MRDT), by the formula MRDT = ln2/G.  Studies of human populations 
have suggested that the MRDT is stable under extrinsic mortality influences that 
drastically change the initial mortality. For instance, Finch (1990) cites studies by Jones 
(1959) and Bergman (2007), who found that G in Australian prisoners of war during 
World War II was indistinguishable from that in civilian Australian females from 1944-
1945, although the absolute mortality rates differed drastically between these groups. 
(Finch also points out that this value is virtually identical to that of U.S. females in 1980.)  
Finch (1990) confirmed this approximate invariance of G for other human populations.  
Similarly, values of G in seven different wild-caught strains of Drosophila were 
statistically indistinguishable even though they exhibited statistically distinguishable 
average lifespans (Spencer & Promislow 2005).  In general, the rate of senescence, as 
operationally defined by the value of G in the Gompertz equation, is stable across 
populations of the same species even when average lifespan, all-cause mortality rate, and 
maximal lifespan (when studying a small cohort) vary dramatically. Thus senescence is 
considered to reflect a more fundamental general process that drives the age-dependent 
acceleration in disease and mortality. 
 
 Parameters in the Gompertz equation can be estimated by several different 
methods.  The present paper compares how well empirically measured parameters are 
predicted by linear and non-linear regression, both of which use an ordinary least-squares 
method to fit the data, as well as maximum-likelihood estimates, which finds the values 
of the variables that would make the observed data most probable. 
 The limitations of using a least-squares linear regression on the empirical log 
hazard rate to determine mortality rate values have been enumerated in many reports 
(Eakin et al. 1995; Promislow et al. 1999; Garg et al. 1970; Mueller et al. 1995; Wilson 
1993).  Linear regression depends upon computing a log-transformed estimate of the 
mortality rate.  Several papers have demonstrated that deriving mortality parameters from 
linear regression introduces a substantial bias when reconstructing the survival curves 
(Eakin et al. 1995; Garg et al. 1970; Wilson 1993), which we confirm here.  Mueller 
(1995) also showed that linear regression is particularly problematic, yielding standard 
errors vastly larger than those of other methods when used to estimating mortality 
parameters for relatively small populations, in the range of population sizes for most 
published studies and all of the studies under consideration here.  In summary, they 
wrote, “Our first conclusion is that the linear regression methods typically used to 
estimate parameters of the Gompertz do not work well and should probably never be 
used.” As discussed by Promislow et al.(1999), estimates of the log mortality rate during 
early ages are highly variable and inaccurate; during late ages, when few survivors 
remain, the estimates again become highly variable. The common unweighted least-
squares approach to regression strongly violates the general statistical principle that 
highly-variable data be given less weight in an estimate than less variable data.  In 
addition, the log transformation becomes meaningless for time intervals with no deaths, a 
common occurrence when a small numbers of animals are used or the observations are 
frequent.  For such an interval, the naïve mortality rate estimate would be 0 and the log of 



0 is undefined or negative infinity.  Methods that try to correct for this problem have been 
shown to further increase the bias (Promislow et al. 1996,1999).    
 A superior method for fitting mortality parameters is maximum-likelihood 
estimation (MLE). This approach, defines for each possible value of the Gompertz 
parameters the likelihood of observing the data – the particular times of death, which 
occurred – if the mortality rate were given exactly by a Gompertz curve with those 
parameters. The MLE is then the particular choice of parameters that maximizes this 
likelihood – that is, the parameters that would make the observations as likely as possible.  
Unlike linear regression, MLE does not require any transformation of the primary data, 
avoiding one source of bias.  MLEs are also asymptotically efficient (under fairly general 
conditions), with asymptotically normal sampling distribution and computable 
asymptotic variance. The probability density function (PDF) based on the Gompertz 
hazard equation is written mathematically as (Lindgren 1993): 
 
    f(t) = A*exp[ Gt – (A/G)(eGt – 1)]  
This equation gives the probability that an individual will die at time t and can be derived 
from the Gompertz hazard equation (Wang & Lee 2003).   
 A third method that can be used to calculate mortality rate parameters is non-
linear regression (Wilson 1993).  As with linear regression, non-linear regression relies 
on a least-squares method for determining the best fit and estimates for the mortality 
variables.  It has been previously shown that this method provides reasonable estimates 
for the mortality variables and the present study confirms that finding (Wilson 1993).  
The Gompertz survival function can be derived from the hazard function and is written 
mathematically as (Garg et al. 1970): 
 
  S(t) = exp[(A/G)*(1-e G*t)] 
The Gompertz survival function gives the probability of surviving to time t.  It can be 
derived from the Gompertz hazard equation (see Wang & Lee 2003 for the derivation). 
 De Magalhaes et al. (2005) recently reported that log-linear regression provides 
similar or superior estimates of Gompertz parameters than MLE.  The present study, 
based on a larger set of data and several additional criteria, as well as boot-strap methods, 
indicates the opposite, that MLE methods are in fact robustly superior to log-linear 
regression methods. 
 
 
Material and Methods 
 Survival data were obtained from supplementary data provided by de Magalhaes 
et al. (2005), other published papers (Miskin & Masos 1997; Schriner et al. 2005; 
Turturro et al. 2002; Weindruch & Walford 1982), or directly from the laboratory of Dr. 
Andrzej Bartke.  Survival curve data from de Magalhaes et al.was double-checked to 
ensure that the values were approximately correct and two of the survival curves (PRDX1 
and BubR1) were re-analyzed because the values obtained by de Magalhaes et al.did not 
fit as closely to the actual survival curve as the other data (Baker et al. 2004; de 
Magalhaes et al. 2005; Neumann et al. 2003).   When survival curves were the only data 
available, values for analysis were estimated using either Adobe Photoshop CS (Adobe 
Systems Inc., San Jose CA, USA) or ImageJ (NIH, Bethesda Maryland, USA).  MLE for 



G and A variables were obtained with WinModest (Promislow et al. 1999) and re-
confirmed with two separate scripts written for the freely available R statistical 
programming environment (David Steinsaltz and Kelvin Yen wrote independent MLE 
scripts). Hypothesis testing for the MLE values to test for significant changes in 
Gompertz variables utilized a likelihood ratio test, which compared the likelihood of 
obtaining G and A values for each group independently to the likelihood of obtaining 
either variable when one variable was forced to be the same between the groups (Eliason 
1993).  If the null hypothesis were true, that there is no difference between the 
constrained variable, the distribution of two times the difference between the two log-
likelihoods will follow approximately a chi-squared distribution with one degree of 
freedom.  If the observed value of the statistic is sufficiently exceptional for the chi-
squared statistic, the null hypothesis would be rejected and the difference in the variable 
would be considered significant (Eliason 1993).  In some cases, control data were 
unusable, so control data from the other 21 experiments were used to determine the 
average G and ln(A) values as well as the confidence intervals (2.90± .27 SE and -5.60± 
0.56 SE respectively by MLE and 2.93± .25 and -5.43± .52 by NLR). While 
compromised controls raises complexities in the interpretation of these data , the ready 
availability of reasonably comparable control data led us to analyze these data as well.  
Because approximately normal confidence intervals are also generated when using 
Winmodest (Promislow et al. 1999) or Prism, the confidence intervals between the 
averaged control and experimental groups were compared to determine significance in 
these cases.  Whenever  control groups were from the same study, a likelihood ratio test 
was employed instead.   
 The Gompertz-Makeham (GM) equation is an extended form of the Gompertz 
equation (Finch 1990), with one additional parameter.  The utility of the GM equation 
compared to the Gompertz equation was also assessed using maximum-likelihood 
methods in WinModest (Promislow et al. 1999) and was only found to be a statistically 
better fit in 4 out of 51 cases.  This result supports recent studies that have used the 
simpler Gompertz equation (de Magalhaes et al. 2005; Harper et al. 2006), thereby 
simplifying comparisons between the studies. 
 G and A were estimated by non-linear regression (NLR) on survival curves by 
Prism (Graphpad Software Inc., San Diego CA, USA).  An extra sum of squares F test 
was used to test if G and A, derived by NLR, were statistically distinguishable across 
groups.  Runs test and D’Agostino and Pearson omnibus normality tests on the residuals 
were performed using Prism. 
 
Ages at 50% survival (S.5 ) were calculated using the following equation: 
 S.5 = (ln(1-(G/A)*ln(0.5)))/G 
 
Maximum lifespan is also considered to constitute a key demographic parameter that, like 
senescence, is thought to be relatively stable across populations of the same species 
regardless of average lifespan (though influenced by manipulations that influence 
senescence such as dietary restriction).  However, while this has an obvious meaning for 
a set of observed organisms, it is not so clear what “maximum lifespan” for an abstract 
model lifetable should be.  For example, unlike fifty-percent survival, maximum lifespan 
depends on the number of individuals under observations. Finch and Pike (Finch & Pike 



1996) defined maximum lifespan for a Gompertz lifetable applied to a population of size 
N by analogy with fifty-percent survival, as the time when the expected fraction of 
survivors is 1/N: 
 Tmax = ln[1+Gln(N)/A]/G. 
  
However, this ignores the randomness in the time of death of the last few individuals, 
thus producing a life-table parameter for which the last time of death in the population is 
not an unbiased estimator. (That is, if we average all the times of last death in the many 
population this would be expected to be larger than the average of the Tmax.) Therefore 
the present study also implemented a more appropriate comparison between the 
maximum observed lifespan and the expected maximum lifespan.  Since life expectancy 
may be computed as the integral of the survival function from 0 to infinity (see page 30 
of Keyfitz and Caswell 2005), the expected time of the last death may be computed by 
applying the standard formula for the survival function of the maximum of N 
independent observations to the Gompertz survival function (see section 3.7 of Rice 
1995), and then integrating to obtain 
  

 
Bootstrap hypothesis testing was performed using scripts written by David Steinsaltz and 
Kelvin Yen.  Samples were created using combinations of individual day of death.  For 
NLR, the R function nls was used with the n2sol algorithm and the start values were the 
MLE of the dataset.  If nls could not find an appropriate value, which occurred in an 
average of 2.2% of the time, a new random sample was selected to replace the set. 
 
C. elegans studies 
 The N2 strain of C. elegans was used for all experiments and maintained on 
nematode growth media (NGM) plates seeded with OP50 strain of E. coli or axenic 
media supplemented with cholesterol.  OP50 is a uracil-auxotrophic strain that has 
limited growth ability to facilitate the counting of the worms on the plate.  Axenic media 
is a liquid media devoid of any bacteria and is made of 3% w/v soy peptone, 3% w/v 
yeast extract, 0.5 mg/ml hemoglobin, and 5 µg/mL cholesterol.  This medium was 
supplemented with 50 µg/ml ampicillin and 25 µg/ml tetracycline to prevent bacterial 
growth.   
 
Lifespan Assays 
 Lifespan studies were performed as in Adachi et al. 2000 (Adachi & Ishii 2000).  
Briefly, eggs were collected from gravid nematodes by standard hypochlorite treatment 
and grown on standard NGM plates until L4-adult stage.  The worms were then 
transferred to media supplemented with 5-fluorodeoxyuridine (FUDR) to inhibit growth 
of progeny and transferred to fresh media every week or month for monoxenic or axenic 
cultures respectively.  Worms were scored at least every 3 days to check for dead worms. 
Worms that were not moving or did not respond to gentle prodding from a platinum wire 
were scored as dead.  Any worms that died of internal hatching or crawled off the plate 
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were censored on the date that they were last observed.  All worms were maintained at 
25°C for control temperature or 16°C for cold/hypothermia-induced longevity (CHIL). 
 
 
Results  
 
Validation of linear regression, non-linear regression, and maximum likelihood estimates 
 To compare the accuracy of each estimation procedure, several different actuarial 
parameters were computed from the estimated mortality parameters (Table 1).  Observed 
50% survival time was similarly predicted by MLE or NLR and less accurately by linear 
regression.  The average relative difference between the predicted and actual 50% 
survival times differed by 7.0% or 5.0% when using either MLE or NLR respectively 
compared to 13.3% when using linear regression.  Thus, both MLE and NLR were 
statistically superior* (p < .001) to linear regression at predicting this parameter.  
Comparing estimates of MLE to NLR, NLR is slightly, but significantly better than MLE.   
 Observed maximal lifespan was also similarly predicted by MLE and NLR, but 
less accurately by linear regression.  The estimates of maximum lifespan produced by 
MLE and NLR differed from the maximal lifespan derived from the more empirically-
based equation of Finch and Pike (see above) by 5.2% and 7.5% respectively, whereas 
the estimate produced by linear regression differed by 11.1% (use of the alternate 
equation provided very similar numbers).  For either equation, both MLE and NLR were 
statistically better at predicting maximal lifespan (p < .001) than linear-regression.  
Comparing the results of MLE to NLR demonstrated that MLE was statistically better at 
predicting this parameter.  

Variability in estimates of mortality rate doubling times (MRDT) between control 
groups from separate experiments were also similarly reduced by MLE and NLR 
compared to linear regression. Thus the coefficient of variation between control groups 
was significantly lower when derived by MLE (24.0%) or NLR (26.8%) than reported 
values estimated by linear-regression (42.9%) (de Magalhaes et al. 2005).  
 Similarly, MLE and NLR improved the estimate of the actual distribution of 
deaths (i.e. the integrated difference between the predicted probability distribution 
function and the actual distribution), by about 30% compared to LR. NLR was also 
significantly better than MLE, with a small reduction of 3%.  Reconstruction of the 
original survival curves visually demonstrated the results of the quantitative analysis.  As 
seen in figure 1, MLE and NLR re-create the survival curve with greater accuracy than 
LR.   
 Bootstrap methods are an alternative approach to generating 95% confidence 
intervals and testing hypotheses, which though computationally more demanding than 
parametric statistics do not assume certain constraints such as asymptotic normality 
(Carpenter & Bithell 2000; Efron & Tibshirani 1994).  Therefore statistical comparisons 
by MLE and NLR, using likelihood ratio tests and F-tests, were compared to bootstrap 
methods (described in the Appendix).  NLR statistical comparisons using the F-test 
frequently disagreed with the bootstrap tests (52% of the time), and always in the same 

                                                
* Our use of the term “statistically superior” refers to a confidence test (two-sample T-test) that treats the studies (not 
entirely properly) as though they were a random sample from a superpopulation of possible studies, to which these 
methods might be applied. 



direction: Every difference judged significant by the bootstrap test was also significant by 
the F-test, but about as many comparisons were found significant by the F-test but not by 
the bootstrap method.  The bootstrap test based on the NLR estimates was also more 
conservative than the likelihood ratio test for the MLE.  These two methods disagreed in 
about 15% of the comparisons, with the likelihood ratio test detecting significant 
differences in each case.  It is perhaps worth noting that in all the differences, the p-value 
given by the bootstrap method was between 0.9-0.6. When comparing the bootstrap test 
for MLE to the likelihood ratio test for MLE, the two methods also disagreed about 15% 
of the time.  In contrast to NLR, the MLE bootstrap hypothesis test detected one 
significant change that the likelihood ratio test did not (a significant increase in G for p53 
KO mice).  As with the NLR bootstrap results, 6 out of 8 differences yielded p-values 
between .9 and .6.  Comparing the results of NLR bootstrap to the MLE bootstrap, there 
was a 94.4% agreement indicating that the use of bootstrap methods with either method 
for estimating G and A values may be valid.  
 
Analysis of life-extending and life-reducing manipulations 
 To further validate the use of MLE and likelihood ratio test for hypothesis testing, 
lifespan studies in C. elegans were conducted and analyzed.  As with studies in rats, 
dietary restriction (DR) significantly decreased the age-associated acceleration of 
mortality rate (Table 2).  Cold/hypothermic induced longevity (CHIL) also significantly 
decreased the rate of senescence, in agreement with mortality data in Drosophila under 
cold conditions (Mair et al. 2003) (Table 2).  Dietary restriction has also been shown to 
decrease core body temperature in rodents and decreased body temperature has also been 
shown to extend lifespan in mice (Rikke et al. 2004; Conti et al. 2006).  Mutations in the 
insulin/IGF pathway have also been shown to extend lifespan and reduce age-associated 
acceleration of mortality rate (Johnson, 1990); in the present study, MLE and the 
likelihood ratio test applied to worms with the daf-2 mutation led to the same conclusion 
(Table 2).  
 
MLE 
 Hypothesis testing using the likelihood ratio test on the maximum likelihood 
estimates show that of the life-extending manipulations examined, MLE only detected 
reduced G in prop1 mice in the larger of the two experiments, dietary restriction in Ames 
mice, and dietary restriction in rats.  Other life-extending manipulations were found to 
only  decrease the initial mortality rate:  fat-specific insulin receptor KO (firko) mice, 
urokinase-type plasminogen activator transgenic mice, and female prop1 KO mice.  
 Of the lifespan-reducing manipulations, several significantly increased G.  This 
list includes mouse strains Gh, Klotho, Lmna, PolgA, and Sam.  NZB/W mice exhibited a 
significant increase in senescence and this increase was ameliorated by addition of fish 
oil to the diet.  Unusually, manipulation of Prdx1 and Top3b reduced decreased rates of 
senescence but still shortened lifespans due to increased initial mortality rates.  
Significance tests on Klotho, Lmna, NZB/W, PolgA, Prdx1, and Top3b mice must be 
interpreted with caution because of the small number of individuals in the population 
studied. Judgments of significance were based on the asymptotic normality of the MLE, 
which is valid only for sufficiently large samples (perhaps around 60 animals, according 
to Eliason (1993)).  The studies in mice with altered p53 expression had usable control 



mice and these were analyzed using a likelihood ratio test.  Either increased or decreased 
expression of p53 led to an increase in the initial mortality rate although was only 
significant for the decreased expression.    
  
NLR 
 The sum-of-squares F test is widely used in conjunction with regression analysis. 
While basic assumptions of the F test are not satisfied for these data, it was nevertheless 
of interest to compare the results of such analyses to the results from MLE and NLR. In 
particular, for the many cases of differing lifespan but no significant change in 
parameters according to the likelihood ratio test, it was of interest to assess if a significant 
change in A or G would be detected by the F test.  In the present study, the F test detected 
significance more than twice as often as the likelihood ratio test.  All the significant 
changes in G detected by the likelihood ratio test were similarly detected by the F test.  In 
addition, the F-test detected significant effects on G in 2 of the 4 dietary restriction 
studies, and in studies in mice involving the manipulation of several genes (C/EBP mice, 
pit1, Ghrhr, Igf1r, prop1, MsrA, and mitochondrially targeted catalase). As with the 
likelihood ratio test, the F-test detected significant reduction in G yet shortened lifespans 
with genetic manipulations of Atm+Terc, Prdx1, and Top3b.  Table 1 contains a 
summary of the results from MLE and NLR. 
 
Discussion 
 Although with larger datasets linear regression has been shown to give reasonable 
estimates of the variables of the Gompertz hazard function (Finch & Pike 1996), the 
varying methods by which researchers must try to compensate for the inherent problems 
of linear regression, leads to less consistent results with smaller datasets (de Magalhaes et 
al. 2005; Promislow et al. 1999).  Comparison of linear regression, maximum likelihood, 
and non-linear regression methods demonstrate the superiority of maximum likelihood 
methods (ML) and non-linear regression (NLR) over linear regression (LR) in a number 
of parameters.  Both methods are easily implemented with currently available software 
and similar in recovering the true 50% and maximal survival times, as well as minimizing 
the variability in MRDT between control groups. ML methods may nevertheless be 
favored because of its statistical properties, which are important for hypothesis testing.  
MLEs are asymptotically (i.e., as the number of samples tend to infinity) unbiased, 
efficient, and normally distributed (Eliason 1993), thus constituting the preferred method 
for estimating Gompertz parameters. The F-test with NLR detected a larger number of 
changes, but most of these are evidently spurious, as indicated by comparison with the 
bootstrap test. While the residuals are normal (a common test for appropriateness of the F 
test), the basic assumption of homoscedasticity was not satisfied.  In fact, simulation tests 
readily show that the standard test statistic does not have anything close to the F 
distribution. 
 In the present study, MLE and the likelihood ratio test confirmed the positive 
results by de Magalhaes et al., with a number of exceptions.  We did not find that C/EBP, 
GHR, pit-1, p66, or MSRA had an effect on G.  MLE and the likelihood ratio test 
confirmed that dietary restriction decreases the rate of senescence in rats and worms.  
Similarly, dietary restriction also decreased the rate of senescence in one of the strains of 
mice analyzed here and Harper et al. (2006) also reported a decrease in the rate of 



senescence in a heterogeneous mouse colony recently derived from wild mice subject to 
dietary restriction.  MLE and the likelihood ratio test also confirmed that cold 
temperature and defective insulin/IGF signaling significantly reduces G in nematodes 
(Johnson, 1990).       
 Based on 4 criteria, ability to recover maximal lifespan, recover 50% survival 
times, match the overall distribution of deaths, and minimize the variation in MRDT 
between control groups, ML and NLR are both superior to LR, and only slightly different 
from each other.  While there are some differences in the hypothesis tests, the results 
show a high degree of agreement, as long as bootstrap tests are used to avoid relying on 
unfounded assumptions. The similarity in results from the likelihood ratio test and 
bootstrap method for hypothesis testing (as well as the results of our simulations) 
suggests that the likelihood ratio test is also a valid method of hypothesis testing for these 
kinds of data.  Therefore, the use of MLE and the likelihood ratio test seems to be the 
best method for analyzing lifespan data.  In approximately 40% of the analyzed data, the 
MLE combined with likelihood ratio test was able to detect significant effects.  In fact, in 
two of the four cases where the total number of animals analyzed was less than 30, 
significant changes in either A or G were detected.  This suggests that even with a 
relatively small number of animals Gompertz analysis is possible and should be 
conducted. 
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Appendix: Bootstrap Methods 
 
We have used two different simulation approaches to confirm our analyses. First, we 
tested the appropriateness of the chi-squared approximation for the likelihood ratio test. 
Second, we performed a non-parametric bootstrap test complementary to the likelihood 
ratio test. We describe both of these briefly here. The original software, written in the R 
programming language, is available on request. 
 
1) The likelihood ratio test is based on the logic that if the null hypothesis is true, the 
transformed likelihood ratio will converge to a chi-squared distribution as the number of 
samples goes to infinity. In this case, the null hypothesis states that the deaths came from 
exactly Gompertz hazard rates, and that the Gompertz parameter G (or Gompertz 
parameter A) is identical between the two populations. Two potential concerns that need 
to be addressed are: First, if the number of samples is small, the asymptotic result may 
not be relevant; Second, if the hazard rates are not do not conform to the Gompertz 
equation, the mathematical theory will tell us nothing about the behavior of the 
maximum-likelihood fit to the misspecified model. It is obvious that a simulation 
approach can inform about the behavior of small samples drawn from the correct model, 
thus addressing the first point, to a reasonable extent. The second point is more 
problematic, because the null hypothesis is not even defined if the data are not drawn 
from a Gompertz model. 
 
To enhance the validity of our analysis, at least with respect to age-dependent 
acceleration of mortality, we redefine the null hypothesis as: The hazard rates of the two 
populations differ by a fixed number of days. In the case of Gompertz hazard, this is 
simply the original null hypothesis, but the new version is meaningful for any hazard 
rates. We can now ask the question: Suppose we have two sets of mortality data, 
satisfying the generalized null hypothesis. They are not drawn from a Gompertz curve, 
but are matched to our actual observations; following the bootstrap principle, we 
resample one group from the empirical observed mortality in one of our experiments, and 
another from the same mortality shifted backward or forward by a fixed number of days. 
We resample the same number of deaths that were actually observed. We fit them to the 
Gompertz model with and without the constraint that the Gompertz slopes are the same, 
and compute -2 times the log likelihood ratio. This process was repeated 1000 times, and 
the collection of outcomes was compared with the appropriate chi-squared distribution. 
Somewhat surprisingly, in all of the data sets we tried, even with as few as 15 simulated 
individuals, the fit was extremely good. More investigation is needed, but this 
preliminary result suggests that we should have some confidence in the results of the 
likelihood ratio test. 
 
2) As an alternative, we measure the variability in the A and G parameters directly with a 
nonparametric bootstrap simulation. We resample from the observed deaths in the 
experimental and control data, and to each resampled set of deaths we fit the Gompertz 
parameters. Both parameters were found to be fairly close to log normal, so we 
performed a standard normal hypothesis test on the difference in the log parameters, 
using the means and variances estimated from the bootstrap samples. As would be 



expected (because of the optimality of the likelihood ratio) this test proved generally 
more conservative than the likelihood ratio test, but the outcomes were quite similar. 
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Tables 
 

Gene/ Intervention Type Strain 
Nonlinear 
Regression 

Maximum 
likelihood 
estimate N Reference 

   Ln(A) G Ln(A) G   

Atm, Terc KO 
C57BL/6 x 
WW6 -1.22+ 1.29* -1.50+ 1.60* 51 Wong et al. (2003) 

Autoimmune Prone 
(NZB/w mice) WT 

(NZW x 
NZB)F1 -3.32 6.92+ -3.16 6.25+ 22 Conde et al. (1998) 

Bub1b H/H 129/Sv x FVB -1.13+ 3.52 0.32+ 2.55 212 Baker et al. (2004) 
C/ebp b/+ C57BL/6J -5.71 3.33 -6.02 3.40 30 Chiu et al. (2004) 
 b/b  -4.85+ 2.18* -5.29 2.33 30  
 ob/ob  -4.19 3.28 -4.81 3.65 40  

Dietary Restriction AL C57BL/6J -5.56 3.04 -6.04 3.25 24 
Weindruch and Walford 
(1982) 

 DR  -6.14 2.62* -5.57 2.38 29  

 AL 
C57BL/10Sn x 
C3H/HeDiSn -6.46 2.52 -6.95 2.70 68  

 DR  -7.25* 2.52 -7.44 2.55 67  

Dietary Restriction AL 
male, 
C57BL/6J -5.55 2.8 -5.21 2.56 56 Turturro et al. (2002) 

 DR  -6.19 2.45 -6.43 2.48 56  

 AL  
female, 
C57BL/6J -4.94 2.7 -4.68 2.47 56  

 DR  -5.74* 2.25* -5.56 2.13 56  
Dietary Restriction AL male, Rats -9.26 5.31 -7.26 4.02 115 Yu et al. (1982) 
 DR  -4.88+ 1.8* -4.99+ 1.80* 115  

Cat WT 

B6(B6C3F1) x 
C57BL/6J 
(4403) -5.72 2.95 -4.95 2.44 58 Schriner et al.  (2005)  

 mitochondrial TG -5.34 2.26* -5.95 2.48 42  

Fish Oil (FO) AL 
(NZB x 
NZW)F1 -6.05 11.56 -5.81 10.62 30 Jolly et al. (2001)  

 FO females -4.14+ 5.74* -4.17 5.54* 30  
bGh (bovine 
growth hormone) WT 

C56BL/6 x 
SJL -5.23 2.4 -4.56 2.14 16 Bartke et al. (2003)  

 Tg  -7.08 6.24+ -6.73 6.06+ 9  

Ghr WT 
OLA-
BALB/cJ -3.56 2.05 -3.48 1.95 15 Coschigano et al. (2003)  

 KO  -5.4* 2.35 -5.25 2.14 11  
Ghrhr WT C57BL/6 -6.35 2.82 -6.77 2.86 31 Flurkey et al. (2001)  
 KO  -9.34* 3.33+ -8.47 2.90 35  
Igf1r WT 129/J -2.58 1.77 -3.36 2.25 17 Holzenberger et al. (2003)  
 KO  -5.41* 2.85+ -5.62 2.88 20  
Insr (Firko) WT FVB x 129S4 -4.02 1.95 -4.75 2.22 67 Bluher et al. (2003) 

 
KO- fat 
specific  -8.5* 3.51+ -7.56* 2.98 60  

Kl (klotho) KO 
C57BL/6J + 
C3H/J -1.67 31.84+ -0.88 22.06+ 29 Kuro-o et al. (1997)  



Lmna KO 
C57BL/6 + 
129S1/Sv -0.97+ 62.23+ -1.27 61.06+ 25 Mounkes et al. (2003)  

MsrA WT 
C57BL/6 + 
129/SvJ -2.8 1.86 -4.13 2.58 14 Moskovitz et al. (2001) 

 KO  -2.64 4.39+ -3.12 4.23 17  
p53 WT 129/SV -7.31 3.51 -7.22 3.34 56 Tyner et al. (2002) 
 +/- + C57BL/6 -3.96+ 3.2 -3.70+ 2.75 217  
 +/m  -6.04 3.62 -5.20 2.97 35  
p66 WT 129/Sv -13.31 7.22 -13.50 7.17 14 Migliaccio et al. (1999)  
 KO  -7.05+ 3.09* -8.25 3.57 15  
Pit1 WT C3H/HeJ -7.6 3.56 -7.66 3.44 34 Flurkey et al. (2001)  
 KO +DW/J -8.86 2.84* -7.96 2.47 25  
Plau (alpha-
MUPA) WT FVB/N -4.89 2.43 -4.87 2.38 33 Miskin and Masos (1997)  
 TG  -5.99 2.36 -8.47* 3.32 33  

PolgA mut 
129 + 
C57BL/6 

-
10.06* 13.29+ -8.57* 11.27+ 38 Trifunovic et al. (2004)  

Prdx1 KO B6 x 129SvEv -3.15+ 1.55* -3.15 1.46* 34 Neumann et al. (2003)  
Prop1 WT Ames Stock -3.99 2.38 -3.80 2.04 13 Brown-Borg et al. (1996)  
 KO  -10.41 3.27+ -9.57* 2.89 16  

Prop1 
WT-
AL Ames -6.1 3.51 -6.68 3.80 26 Bartke et al. (2001)  

 
WT-
DR Ames -3.48 1.47* -4.26 1.81* 27  

 
KO-
AL Ames -5.33+ 2.1* -6.05 2.33* 24  

 
KO-
DR Ames -5.11+ 1.65* -5.16 1.70 24  

Sam WT AKR -2.74 3.17 -2.22 2.36 377 Takeda et al. (1981) 
 SAM  -2.88 4.87+ -2.48 3.94+ 493  
SOD mimetic C3 WT C57BL/6 -5.54 3.01 -6.02 3.17 123 Quick et al. (2006) 
 C3  -6.41* 3.17 -6.07 2.89 115  

Top3B KO 
C57BL/6J 
+129/svEv -0.81+ 0.57* -1.10+ 0.89* 30 Kwan and Wang (2001)  

Trx WT C57BL/6 -3.1 2.39 -3.73 2.67 82 Mitsui et al. (2002)  
 TG  -4.62* 2.86 -4.26 2.52 94  

Wrn, Terc KO 

C57BL/6 + 
129Sv + 
BALB/c + SLJ -0.54+ 2.2 -0.67+ 2.08 39 Chang et al. (2004)  

 
 
 
 
Table 1: Nonlinear regression values and maximum likelihood estimates (MLE) for 
Gompertz equation variables.  Significance was determined by F-test for NLR values or 
likelihood ratio test for MLEs unless shaded.  Shaded boxes indicate that the data have an 
unusable experimental control and therefore a generalized control group was used (see 
methods for more information).  Tests for significance in these groups may not be 
accurate.   +significant increase *significant decrease 



 

Gene/ Intervention Type 
Maximum likelihood 
estimate N 

  Ln(A) G  
Dietary Restriction WT -7.94 0.49 57 

 
Dietary 
Restricted -6.45 0.18* 42 

Cold Temperature WT -5.88 0.31 149 

 
Cold 
Temperature -7.61 0.21* 160 

Insulin/IGF 
Mutation WT -9.14 0.37 39 
 Daf-2 -7.55 0.17* 57 

Table 2:  Maximum likelihood estimates for Gompertz parameters in C. elegans.  
Comparisons in A values were not performed.  * significant decrease  



Fig. 1. Reconstruction of survival curves based on values obtained from linear-regression 
(LR), maximum likelihood (MLE), or non-linear-regression (NLR) methods.  Four 
example reconstructions are shown for the following experiments: (A) replacement of 
CCAAT/enhancer-binding protein alpha (C/EBP) with C/EBP-beta, (B) bovine growth 
hormone (bGH) transgenic mice, (C) p66 mutant mice, and (D) senescence accelerated 
mice (Sam).  Values for LR were obtained from de Magalhaes et al. (de Magalhaes et al. 
2005). 
 
 

 


