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Relative risk regression
More general multiplicative intensity model: Intensity for individual i at time t is

�i(t) = Yi(t)r(x i, �; t)�0(t).

Cox proportional hazards regression: r(x,β)=ex⋅β .

Estimate with maximum partial likelihood:
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Breslow estimator for baseline cumulative hazard

öA(t) =
! t

0

dN (u)
" n

i =1 Yi (u)r( ö! , x i (u))
=

#

t j �t

1
"

i �R j
r( ö! , x i (tj )

.



Tied data
Suppose at time tj there are 5 individuals at risk, with relative risks r1,r2,r3,r4,r5.
Individuals 1 and 2 have events at time tj.
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The contribution to the partial likelihood is

In general, if dj individuals have events, there are dj! terms.
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Applying the same principle
to baseline hazard estimate, öA0(t) =
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Breslow’s alternative: Ignore the
decrements to “total hazard at risk” ! Breslow

P (" ) =
!

t j

!

i ! D j

log r (" , x i (t j )) ! dj log
!

i ! R j

r
"
" , x i (t j )

#
.



0 10 20 30 40 50

0
.0

0.
2

0.
4

0
.6

0
.8

1.
0

maintenance

nonmaintenance Pointwise comparisons and quantiles 42

Table 6.2: Computations for the Kaplan–Meier and Nelson–Aalen survival
curve estimates of the AML data.

Maintenance Non-Maintenance (control)

t i Y (t i ) di ĥi Ŝ(t i ) Ĥ i !S(t i ) Y (t i ) di ĥi Ŝ(t i ) Ĥ i !S(t i )

5 11 0 0.00 1.00 0.00 1.00 12 2 0.17 0.83 0.17 0.85
8 11 0 0.00 1.00 0.00 1.00 10 2 0.20 0.67 0.37 0.69
9 11 1 0.09 0.91 0.09 0.91 8 0 0.00 0.67 0.37 0.69
12 10 0 0.00 0.91 0.09 0.91 8 1 0.12 0.58 0.49 0.61
13 10 1 0.10 0.82 0.19 0.83 7 0 0.00 0.58 0.49 0.61
18 8 1 0.12 0.72 0.32 0.73 6 0 0.00 0.58 0.49 0.61
23 7 1 0.14 0.61 0.46 0.63 6 1 0.17 0.49 0.66 0.52
27 6 0 0.00 0.61 0.46 0.63 5 1 0.20 0.39 0.86 0.42
30 5 0 0.00 0.61 0.46 0.63 4 1 0.25 0.29 1.11 0.33
31 5 1 0.20 0.49 0.66 0.52 3 0 0.00 0.29 1.11 0.33
33 4 0 0.00 0.49 0.66 0.52 3 1 0.33 0.19 1.44 0.24
34 4 1 0.25 0.37 0.91 0.40 2 0 0.00 0.19 1.44 0.24
43 3 0 0.00 0.37 0.91 0.40 2 1 0.50 0.10 1.94 0.14
45 3 0 0.00 0.37 0.91 0.40 1 1 1.00 0.00 2.94 0.05
48 2 1 0.50 0.18 1.41 0.24 0 0

Table 6.3: Variance estimates for cumulative hazard of the maintenance
population in the AML data. “Lower” and “upper” are bounds for 95%
confidence intervals.

t i Y (t i ) di
1

Y (t i )
2 Var(Â(t i )) lower upper

9 11 1 0.008 0.008 0.000 0.269
13 10 1 0.010 0.018 0.000 0.456
18 8 1 0.016 0.034 0.000 0.677
23 7 1 0.020 0.054 0.002 0.915
31 5 1 0.040 0.094 0.057 1.26
34 4 1 0.062 0.157 0.133 1.68
48 2 1 0.25 0.407 0.159 2.66
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Table 9.2: Computations for the baseline hazard LME for the AML data,
in the proportional hazards model, with maintained group as baseline, and
relative risk eö! = 2 .498.

Maintenance Non-Maintenance Baseline
(control)

t i Y M (t i ) dM
i Y N (t i ) dN

i
öh0(t i ) öH0(t i ) eS0(t i )

5 11 0 12 2 0.050 0.050 0.951
8 11 0 10 2 0.058 0.108 0.898
9 11 1 8 0 0.032 0.140 0.869
12 10 0 8 1 0.033 0.174 0.841
13 10 1 7 0 0.036 0.210 0.811
18 8 1 6 0 0.043 0.254 0.776
23 7 1 6 1 0.095 0.348 0.706
27 6 0 5 1 0.054 0.403 0.669
30 5 0 4 1 0.067 0.469 0.625
31 5 1 3 0 0.080 0.549 0.577
33 4 0 3 1 0.087 0.636 0.529
34 4 1 2 0 0.111 0.747 0.474
43 3 0 2 1 0.125 0.872 0.418
45 3 0 1 1 0.182 1.054 0.348
48 2 1 0 0 0.500 1.554 0.211
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Figure 9.2: A plot of the partial likelihood from (9.12). Dashed line is at
! = 0 .9155.

to the current problem, we obtain:

Table 9.1: Output of the coxph function run on the aml data set.

coxph(formula = Surv(time, status) ! x, data = aml)
coef exp(coef) se(coef) z p

" Nonmaintained 0.916 2.5 0.512 1.79 0.074

Likelihood ratio test=3.38 on 1 df p=0.0658 n= 23

The z is simply the Z-statistic for testing the hypothesis that ! = 0, so
z = ö! /SE ( ö! ). We see that z = 1 .79 corresponds to a p-value of 0.074, so we
would not reject the null hypothesis at level 0.05.

We show the estimated baseline hazard in Figure9.3; the relevant numbers
are given in Table 9.2. For example, the Þrst hazard, corresponding tot

1

= 5,
is given by

öh
0
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12eˆ! + 11
+

1

11eˆ! + 11
= 0 .050,

substituting in ö! = 0 .9155.



Testing
Estimate variance for the parameters from observed Fisher partial information.

Single parameter: Test H0:βq=0 using asymptotically normal test statistic �̂q!
JP (�̂)qq

.

Multiple parameters: Test H0: !" 0.

Wald statistic : ! 2
W := ( ö" ! " 0)T JP (" 0)( ö" ! " 0);

Score statistic : ! 2
SC = U (" 0)T JP (" 0)U (" 0);

Likelihood ratio statistic : ! 2
LR = 2

�
#P ( ö" ) ! #P (" 0)

�
, where #P := log LP .

Under the null hypothesis these are all asymptotically chi-squared distributed with
p degrees of freedom.



Dutch Cancer Institute (NKI) breast cancer data

One of the first studies of gene expression in cancer.
Research question: Does expression level of oestrogen receptor gene affect prognosis?

Data: patnr Patient identification number

d Survival status; 1 = death; 0 = censored

tyears Time in years until death or last follow-up

diameter Diameter of the primary tumor

posnod Number of positive lymph nodes

age Age of the patient

mlratio oestrogen expression level

chemotherapy Chemotherapy used (yes/no)

hormonaltherapy Hormonal therapy used (yes/no)

typesurgery Type of surgery (excision or mastectomy)

histolgrade Histological grade (Intermediate, poorly, or well di↵erentiated)

vasc.invasion Vascular invasion (-, +, or +/-)



nki.surv=with(nki,Surv(tyears,d))

nki.cox=with(nki,coxph(nki.surv~posnodes+chemotherapy+hormonaltherapy
+histolgrade+age+mlratio+diameter+posnodes))

nki.cox=with(nki,coxph(nki.surv~posnodes+chemotherapy+hormonaltherapy
+histolgrade+age+mlratio+diameter+posnodes+vasc.invasion+typesurgery))
> summary(nki.cox)
Call:
coxph(formula = nki.surv ~ posnodes + chemotherapy + hormonaltherapy + 
    histolgrade + age + mlratio + diameter + posnodes + vasc.invasion + 
    typesurgery)

  n= 295, number of events= 79 

                       coef     exp(coef) se(coef)   z       Pr(>|z|)    
posnodes                0.0744   1.077     0.0528  1.409       0.159
chemotherapyYes         -0.423  0.655       0.298   -1.421     0.155    
hormonaltherapyYes      -0.172   0.842      0.442   -0.388     0.698
histolgradePoorly diff  0.266    1.30       0.281    0.946     0.344
histolgradeWell diff   -1.31     0.270      0.548    -2.39      0.0170 *  
age                   -0.039     0.96      0.0195   -2.02       0.0438 *  
mlratio                -0.750   0.472       0.211   -3.550     0.00039 ***
diameter               0.0198   1.02        0.0132  1.493      0.135
vasc.invasion+          0.603    1.83        0.253   2.38      0.0172 *  
vasc.invasion+/-       -0.146    0.864      0.491    -0.297    0.767
typesurgerymastectomy   0.150     1.16      0.249   0.605      0.545



Stratified baselines
Individual i belongs to category ci with baseline hazard αc0(t). So the hazard rate for
individual i is

α
(
t
∣∣xi(t), ci

)
= αci0(t)r

(
β,xi(t)

)
.

We estimate with the stratified partial likelihood
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k∏
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∏

tj :cij=c

r(β,xij (tj))∑
l∈Rj :cl=c r(β,xl(tj))

.

Example: NHANES data. Looking at effect of systolic and diastolic BP on survival.
Different ethnic groups and sexes will have distinct baseline mortality. Potentially
confounding with the parameters of interest.

C1=coxph(formula = with(nhanesC, Surv(age,age+yrsfu,mrtHrt+mrtOtherCVD) ) ~ 
meansys + meandias  + strata(race) + strata(female),data=nhanesC)

C2=coxph(formula = with(nhanesC, Surv(age,age+yrsfu,mrtHrt+mrtOtherCVD) ) ~ 
meansys + meandias  + race + female,data=nhanesC)



> summary(C1)
Call:
coxph(formula = with(nhanesC, Surv(age, age + yrsfu, mrtHrt + 
    mrtOtherCVD)) ~ meansys + meandias + strata(race) + strata(female), 
    data = nhanesC)

  n= 10289, number of events= 560 

              coef exp(coef)  se(coef)      z Pr(>|z|)    
meansys   0.010433  1.010487  0.002284  4.568 4.92e-06 ***
meandias -0.003964  0.996043  0.004547 -0.872    0.383    
---
Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

         exp(coef) exp(-coef) lower .95 upper .95
meansys      1.010     0.9896    1.0060     1.015
meandias     0.996     1.0040    0.9872     1.005

Concordance= 0.55  (se = 0.031 )
Rsquare= 0.002   (max possible= 0.437 )
Likelihood ratio test= 23.07  on 2 df,   p=9.771e-06
Wald test            = 24.12  on 2 df,   p=5.772e-06
Score (logrank) test = 24.13  on 2 df,   p=5.755e-06



> summary(C2)
Call:
coxph(formula = with(nhanesC, Surv(age, age + yrsfu, mrtHrt + 
    mrtOtherCVD)) ~ meansys + meandias + race + female, data = nhanesC)

  n= 10289, number of events= 560 

               coef exp(coef)  se(coef)      z Pr(>|z|)    
meansys    0.010641  1.010698  0.002254  4.721 2.35e-06 ***
meandias  -0.005255  0.994759  0.004515 -1.164  0.24445    
raceother -0.366528  0.693137  0.118370 -3.096  0.00196 ** 
racewhite -0.439763  0.644189  0.100398 -4.380 1.19e-05 ***
female    -0.507339  0.602096  0.088151 -5.755 8.65e-09 ***
---
Signif. codes:  0 ‘***’ 0.001 ‘**’ 0.01 ‘*’ 0.05 ‘.’ 0.1 ‘ ’ 1

          exp(coef) exp(-coef) lower .95 upper .95
meansys      1.0107     0.9894    1.0062    1.0152
meandias     0.9948     1.0053    0.9860    1.0036
raceother    0.6931     1.4427    0.5496    0.8741
racewhite    0.6442     1.5523    0.5291    0.7843
female       0.6021     1.6609    0.5066    0.7156

Concordance= 0.621  (se = 0.013 )
Rsquare= 0.008   (max possible= 0.535 )
Likelihood ratio test= 83.2  on 5 df,   p=2.22e-16
Wald test            = 85.96  on 5 df,   p=0
Score (logrank) test = 86.94  on 5 df,   p=0



Model diagnostics: General approaches

1. Compare features of the data to features characteristic of the 
model, such as:

i. proportional hazards, additive hazards assumption

ii. regression assumptions, e.g., logarithmic link in Cox model

iii. important outliers in otherwise well-specified model

2. Compare expected features of the fit model to observed features 
of the real data.

3. Simulate from the fit model and examine how typical the real 
data would be for a simulated data set.



Survival for 3 different gene expression levels 
(based on the Cox model)
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Survival for 3 different gene expression strata 
(Kaplan-Meier estimates)
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